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Existence of immersed spheres minimizing curvature functionals 

in compact 3-manifolds 

Ernst Kuwert, Andrea Mondino, Johannes Schygulla 

Abstract 

We study curvature functionals for immersed 2-spheres in a compact, three-dimensional Rieman- 
nian manifold M. Under the assumption that the sectional curvature K^^ is strictly positive, we 
prove the existence of a smooth immersion f : M minimizing the integral of the second 

fundamental form. Assuming instead that K^^ < 2 and that there is some point x £ M with scalar 
' curvature [x) > 6, we obtain a smooth minimizer / : §2 ^ M for the functional / l\H\^ + 1, 

where H is the mean curvature. 
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Let M be a three-dimensional, compact Riemannian manifold with metric h. For any immersed closed 
surface f : T, ^ M with induced metric g = f*h and second fundamental form A, we consider the 
functional 



(1) Eif)^7; I \A\'df,,. 



E 



We denote by H the mean curvature vector and by A° the tracefree component of A. The extrinsic 
' curvature is related to the intrinsic curvature, i.e. the sectional curvature Kg of the induced metric and 

the sectional curvature Kj^ of the tangent plane in TM, by the Gaufi equation 



(2) -\H\^ - -\Ar = T^{\H\' - = Kg - Kf. 



Integrating and using the Gaui3-Bonnet theorem yields the well-known identities 

(3) - j \H\^d^^g + \ j [ \A\^dtig = \ j \H\'d^ig+ j Kfd^^g -27rx{^), 

i/S t/S >/S >/S 

where x{^) is the Euler characteristic. For M = M.^ the functional E reduces to the classical Willmore 
energy given by 



(4) W{f)^\ I 



more precisely we have E{f) = 2W{f) — 27rx(S). In |Will) Willmore proved the inequality W{f) > An 
for all / : S — > M'^, with equality only for the round spheres. 



1 



In the present paper we study the problem of minimizing E(f) in the class of immersed spheres in 
the Riemannian manifold M. Any totally geodesic / : — > M is trivially a minimizer, but totally 
geodesic immersions do not always exist. For instance, there are no totally umbilic surfaces in the Berger 
spheres (except S^), see |ST| . For appropriate parameters, these spheres have positive sectional curvature 
[Dan] . We prove the following existence result. 

Theorem 1.1. Let M be a compact, 3-dimensional Riemannian manifold. On the class [S^, M] of smooth 
immersions / : — > M , consider the functional 

E:[S^M]^R,E{f) = ^ [ \A\' d^ig. 

If M has sectional curvature i^T*^ > 0, then there exists a minimizer f in [§^, Af] for E. 

We remark that our proof actually needs only the two conditions that inf[g2 j^^j E{f) < in and that 
the area is bounded along some minimizing sequence. We always have inf [§2 jv/j < An, since the 

energy goes to 47r for a sequence of distance spheres shrinking to a point. Moreover, the strict inequality 
is necessary to rule out such a minimizing sequence. For example, if M has strictly negative sectional 
curvature then E(f) > Air for any sphere immersed into Af by equation ([3]), and the infimum is not 
attained. Of course, the boundedness of the area along the minimizing sequence is also necessary, at least 
if we want subconvergence of the surface measures. The first condition will be settled using a local ex- 
pansion around a point with strictly positive scalar curvature. The strong curvature assumption K'^^ > 
of Theorem 11.11 is used to obtain the upper area bound. Possibly, the situation when the area actually 
goes to infinity (in the case when K^^ is not strictly positive) can be studied using results of Hutchinson 
[Hul] on curvature varifolds, see also [MonVarj . 

In asymptotically flat 3-manifolds Af, spheres which are critical points of related curvature function- 
als have been constructed recently by Mondino [Monll IMon2] and Lamm, Metzger & Schulze (LMS] . 
see also [LMj . They obtain the solutions as perturbations of round spheres using implicit function type 
arguments. In [SiLj L. Simon proved the existence of an embedded torus in M", which minimizes the 
classical Willmore functional. Our approach implements his fundamental theory in the case of spheres 
immersed into the Riemannian manifold M. Recently, an alternative approach to Simon's theorem was 
developed by Riviere |Riv) . 

We now briefly outline the contents of the paper. In Section 2, we gain some global control in terms of 
area and diameter bounds. For the lower diameter bound we use the bound inf E < Att mentioned above. 
Local area bounds are then obtained by adapting Simon's monotonicity formula |SiL] . In Section 3 we 
prove Theorem ll.il First we obtain a limiting measure as a candidate for the minimizer. Adapting the 
arguments of ISjLI to the Riemannian situation, we establish C^'" n W^'^ regularity away from a finite 
set of bad points where the curvature significantly concentrates. If a closed surface in R'^ has Willmore 
energy below Stt, as is the case in |SiL] . then the area ratio is bounded below two by the monotonicity 
formula. Unfortunately, this involves a global argument which does not generalize immediately to our 
situation in M. We rule out the formation of branch points using the global bound inf E < Att. This step 
involves a degree argument for the Gaufi map, which does not extend to higher codimension. Eventually, 
we exclude all bad points and finally prove smoothness. The fact that the limiting measure comes from 
an immersed sphere is proved using a compactness result of Breuning [Breuj . 

In the final section 4 we discuss the following variant of Theorem 11.11 

Theorem 1.2. For a closed, three-dimensional Riemannian manifold M , consider on the class of im- 
mersions / ; §^ — > Af the functional 



2 



If M has sectional curvature K^^ < 2 and moreover the scalar curvature R^'\x) > 6 for some point 
X e M, then there exists a smooth minimizer f in [S^,M] for W\. 

We remark that the curvature conditions in Theorem II. 21 can be fulfilled, for instance they hold for a 
round sphere §^(i?) if < i? < 1. One motivation to study the functional is that if we transform the 
classical Willmore integral from K'^ to S'^ using stereographic projection, then we obtain the functional 
Moreover, minimal surfaces are obvious critical points of W\. The existence of minimizers for 
the functional /|ffpfi/ig, possibly with branch points, was proposed in [SiProcj . In our theorem, the 
assumption K^^ < 2 in Theorem II. 21 is mainly used to rule out the branch points. 
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2 Global bounds for the minimizing sequence 

Here we collect some basic information for minimizing sequences of the functional E: global and local 
upper area bounds and a lower diameter bound. The first observation, following directly from ([31), is 

Proposition 2.1. Let M be a compact Riemannian 3-manifold with sectional curvature K^^ > 0. Then, 
for any immersed, closed surface f :Y, ^ M the total area lJ-g(T.) is bounded by 

(5) //^(S) < C (E{f) + 2^x(S)) with C = . ^ < oo. 

We next apply Simon's monotonicity formula in R™ to show a local, quadratic area bound. 

Lemma 2.2. Let f : T, ^ M be a closed immersed surface in a compact 3-manifold, with 

W{f) + < A for some A < oo. 

Then for any x G M , p > we have an estimate 

^lg{{p e S : f{p) e Bp{x)}) < Cp^, where C = C(A,M). 

Proof. By Nash's theorem, there is an isometric embedding I : M ^ M™ for some m e N. The second 
fundamental forms of f, I o f and / are related by the formula 

A'°fi; •) = DI\f o Af{; •) e o f)iDf, Df). 

Taking the trace and squaring yields for an orthonormal basis Vi — Df ■ Ci 

|^/o/|2 ^ |^/|2 + \Y.A'o V,) < \Hf\' + 2\A'\^ o /. 

Integrating we see that W{I o /) < W{f) + C ^g{T,) where C = \ max Thus for any x € M, we 

get from Simon's monotonicity formula, see (1.3) in jSiLI , 

f,g{{p e E : f{p) e <(x)}) < G S : /(/(p)) G < Cp^ 

with constant C depending on W{f), and on max|^^|. ■ 

Next we state an asymptotic expansion for the energy E on geodesic spheres around a point x G M, 
which follows from the well-known expansion of the metric in exponential coordinates. Since \A\'^ = 
|j4°P + P, we may combine Proposition 3.1 in |Monl| with Lemma 3.5 and Proposition 3.8 in [Mon2) 
to get the result. Note that for M = M.^ we always have E{f) > An, with equality only for round spheres, 
by [Will] . 
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Lemma 2.3. Let M be a 3 -dimensional Riemannian manifold. Then for geodesic spheres Sp{x) = {y G 
M : dist(y,x) = p} around x £ M we have the expansion 

E{Spix)) = 47r - ^R^'{x)p^ + as p\0. 

In particular, if the scalar curvature R^^ (x) > for some x £ M, then inf jg[s2jv^] E(f) < Air. 

At several points in this paper we work in local normal coordinates. The following lemma collects the 
relevant inequalities between the Riemannian and the coordinate quantities. 

Lemma 2.4. Let hi^2 be Riemannian metrics on a manifold M , with norms satisfying 

(1 + £)"'|| • 111 < II • II2 < (l+e)|| • 111 forsomeee (0,1]. 

For any smooth immersed surface / : S — > M , the following inequalities hold with universal C < 00: 

(i) disti(a;, y) < (1 + e)dist2(a;, y) for all x,y £ M; 

(ii) B'^^{x) C Bp^{x), whenever (1 + e)a < p; 

(iii) Msi < (1 + Ce)pg.2, where 31,2 = f*{hi^2); 

(iv) Pill^ < {1 + C{e + S))\\A2\\l + C6-^\\T\\l^ o / for any S G (0,1], where T := D''^ - D'^^ and D^- 
is the covariant derivative with respect to the metric hi. 

Proof. The statements (i) and (ii) are obvious. To compare the Jacobians of / with respect to /ii^2, 
we use II • llgj < (1 +e)|| • and compute for v,w £ TpT, with g2{v,w) = 



I" A «;||^^ = ||^;||^J|^|r,^ - 5i(«, < (1 + £)'MIL IIHIL = (1 + ^)'ll« A ^ir 



This proves the inequality (iii). Next we compare the norms for a bilinear map B : TpT, x TpT, — Tf(^pjM. 
Choose a basis Va of TpS such that gi{va,Vi3) = Sap and 52(^0,1'^) = XaSa/s. Then 

Aq = ||Wa||g2 < (1 +e)lka|lsi = 1 + £, 

and putting Wa — Va/^a we obtain 

2 2 

\\B\\l= E XlXl\\B{w^,W0)\\l<{l + Ce) J2 \\B{w^,W0)\\l = {l + Cs)\\B\\l 

a, = 1 a, 13=1 

Now denote by P^2 '■ "^/(p)-^ ~^ C^p/)''"''^'^ the orthogonal projections onto the normal spaces with 
respect to ft. 1.2. Then we have for any S > the estimate 

\\Ai\\l = \\P^D'^^{Df)\\l 

< \\P^D'^-{Df)\\l 

< \\P2^{D'^-{Df)+Tof{Df,Df))\\l 

< (1 + S)\\P2'-D'^HDf)\\l + CS-'\\T\\l o / 

< {l + d){l + Ce)\\A2\\l + CS-^T\\lof. 

This proves the inequality (iv). ■ 

The lower diameter bound follows by combining Proposition [2Jl Lemma [2?3l and the following fact. 

Proposition 2.5. Let M be a compact Riemannian 3-manifold. Assume there is a minimizing sequence 
fk e [§^Af] for E{f) with diam/fe(§2) Q and Pg^{T.) < C. Then 

inf E(f) = 47r. 

/G[S2,M] 
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Proof. After passing to a subsequence, we may assume that the converge to a point xq G M. 

For given e e (0, 1] we choose p > 0, such that in Riemann normal coordinates x G -Bp(O) C K'^ 

<|| • II/,. <(l + e)| • I and \rUx)\ < e. 



1 + e' 



We have /fc(S^) C Bp{xo) for large k. Denoting by A'^.g^, the quantities with respect to the coordinate 
metric, we get from Willmore's inequality and Lemma [ 



47:<^JjA%\ld,i,. < (l + C£)(l + <5)i |j%pd/ig,+C(<5)eV9.(S). 

Since /i^^ (E) < C by assumption, we may let first k oo, then e \ and finally i5 \ to obtain 

liminf > 4n. 



As the upper bound follows from Lemma |2.3[ the lemma is proved. ■ 

Lemma 2.6. Let f : T, M be a closed immersed surface in a compact 3-manifold, and put T,p(xo) = 
f^^{Bp{xQ)) for xq e M and p > 0. There exist constants po > and C < oo depending only on M, 
such that for xq G /(S) we have 

M,(I].(xo)) ^^. M.(Sp(xo)) ^ r , ^ ^heneverO<a<p<po. 

Proof. Again, we use an isometric embedding I : M ^ M™. For xq € M we put 

Y^;\x,) = {Iof)-\Bf\l{x,)). 
Choosing po > appropriately, we have I{Bp{xQ)) C (5^'" (/(xq)) n /(A^)) C I{B2p{xo)) and hence 

Ep(xo) C Sf"(2;o) C T.2pixo). 



Now from |SiL] . we obtain for < a < p/2 < po the estimate 



< C^^^^^4^ + C[ |H/pdM. + Cmax|^^|V,(SpK)) 



< Cil + plms.^lA'l Y'^^'t'^^ +C [ \Hf\^dpg. 

P J^p{xo) 

This settles the inequality, if p > 2a. As the claim is trivial for p E [cr, 2a], the lemma is proved. 



Lemma 2.7. Let M be a Riemannian Z-manifold, and f ^ M a closed immersed surface with 

W{f) + < A for some A < oo. 

For any rj > there exist po = po{M,ri) > and C = C{M,h) < oo, such that for any xq € M, 
X £ Bpg{xo) and < p < po the following inequalities hold, where B'^,g'^, . . . are defined with respect to 
normal coordinates centered at xq ■' 

(6) B^ix) c BUx), B'^ix) c Bpix) if {1 + v)^ < p; 
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(7) TT^^^^ ^^"("^^^ - ^9(Sp(x)) < (1 + ?7)Mr (Sp(x)); 

(8) / \A,\ld^,,.-Cp' < [ \A\'d^,,<i^ + 7^) [ \A,\ld^^g.+Cp^ 

Proof. We can assume that the assumption of Lemma [2.41 is satisfied on B2po{xo) with e = C{M)pq. 
The first two statements foUow directly from that lemma. For ([5]) we choose i5 = Pq in Lemma Using 
||r||e < Cpo, the statement follows by combining with Lemma [521 ■ 

3 Proof of Theorem 11.11 

For proving existence of a minimizer for the functional E : [§^, M] — > M, E{f) — ^ /ga dpg, we use 
the direct method in the calculus of variations. Let : §^ M be a minimizing sequence of immersed 
closed surfaces for the functional E. Denote by pk the Radon measure on M given by 



(9) pkiE) = pg,{f^\E)) = / 9fMdn\y), 

Je 

where 9f^ is the multiplicity and gk is the induced metric. 
By Proposition 12 . II we can assume 

(10) pk p weakly as Radon measures. 

Using this convergence and the monotonicity formula Lemma \2M it follows as in [SiLj that 

(11) spt /Zfc — > spt in the HausdorfF distance sense. 

This Hausdorff convergence, together with Lemma 12.31 and Proposition 12.51 implies that 



(12) diam^(spt/i) > lim inf (diam^ spt /i^. ) > 0. 

k 

When working in normal coordinates, we denote the Euclidean coordinate quantities with an index "e", 
for example H^, v4|, . . ., while the Riemannian quantities won't have any index. 

In order to prove regularity, we would like to apply Simon's Graphical Decomposition Lemma proved in 
[SiLj . The most important assumption is that the L^-norm of the second fundamental form is locally 
small, which we will need simultaneously for infinitely many k. Therefore we define the so called bad 
points with respect to a given e > in the following way: Define the Radon measures a^. on M by 

afc = pk^Akl"^. 

Since ak{M) < C, there exists a Radon measure a on M such that (after passing to a subsequence) 
ak — >■ a weakly as Radon measures. It follows that spt a C spt p and a{M) < C . 

Definition 3.1. We define the had points with respect to e > by 

Be = e spt p\ am) >e'}. 

Remark 3.2. Since a{M) < C, there exist only finitely many had points. Moreover if S,a G spt p \ B^, 
there exists a pQ — po{£,Q,£) > such that a{Bpg{^Q)) < 2e^ , and since ak — >■ a weakly we get 

(13) / \Ak\'^ dpk < 2e^ for k sufficiently large. 

Jbp^ do) 
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From now on fix a point G spt ^\Be and choose normal coordinates around that point. In the 
following we will work in these fixed coordinates. Using the estimates in normal coordinates in Lemma 
12.71 as well as Lemma [221 the next Lemma is easily derived. 

Lemma 3.3. For e < there exists a po — po(^0:£) > and a jS = P{M) > 0, such that for all 
^ G spt /I n i?|o (Co); for all p < ^ and infinitely many k 



zz) / \Al\^dp% < 3e2. 



Thanks to Lemma l3.3l we are in position to apply the Graphical Decomposition Lemma of Leon Simon 
(Lemma 2.1 in |SiL] V 



Lemma 3.4. For e < Sq there exists a po = po{£,o,£) > such that for all ^ G spt n B%{(^q), all 

2 

P ^ ^ and for infinitely many k the following holds: There exist 2-dimensional planes Li, 1 <l < Mk, 
containing ^; functions ujj, G C°° {Q^^,, Lj-), where il'j, = (i?^(0 -^0 \ Um ^fe m ^ f "^"^ where 

the sets d^^. ^ (Z are pairwise disjoint closed discs disjoint from dB^{£^); sets P^'^ C M , 1 < j < N^^i, 
which are diffeomorphic to discs and disjoint from graph ui; and open, connected sets UL C fk^{B%{£^)), 

4 

such that 

(i) D\. :— graph ujj. U P^'^ is a topological disc, 

{iz) fk{Ul) = Di n Blii) = (graph 4 U (J P/'') n i?|(0, 

{Hi) ff^^{B%{Sy) is the disjoint union of the sets U],. 
Moreover the following estimates hold: 

(14) Mfe < c = c{M), 

(15) 5]diam4„, + ^diamP,'=''<c( / \Al\^ dpi] p < ce^, 



l,m l,j 



(16) l|wfcllL°=(n;^) < + < c£« +(5fc, where 6k 0. 

Next we prove a lower 2-density bound for the minimizing sequence fk away from the bad points, 
which we will need later. 

Proposition 3.5. For e < Bq there exists a po ~ Po(Coi£) > and a constant C — C{M) > 0, such that 
for all C e spt p n (Co) and all p < po 

Proof. Let po = Po(Co,£) > as in Remark [X^ and C G Spo (Co)- It follows that Bpo{^) C Spo(Co)- 
Choose according to the Hausdorff distance sense convergence a sequence Cfc G spt pk such that Cfc — C- 
Therefore for given p < po and fc sufHciently large it follows that Bp{^k) C -B£(C) C -Bpo(Co)- Since the 
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norm of the mean curvature can be estimated by the norm of the second fundamental form, we get from 
(fT3| for k sufficiently large 



\Hk\'^dfik <c \Ak\'^dfik < ce^. 



By letting cr — > in Lemma 12. 6[ it follows that 

fJ-kiB £_{(,)) 

Choosing Sq < we get for k sufficiently large -jp > C > 0, and the rest of the Proposition 

follows from the weak convergence fi^. P- ■ 

In the next step we estimate the L^-norm of the second fundamental form on small balls around the 
"good points" . This estimate will help us to show that the candidate minimizer p is actually the measure 
associated to C^'" n M^^'^-graphs in a neighborhood around the good points. 

Lemma 3.6. For e < Eq there exists a po — po(Coi e) > such that for all ^ G spt p D (^o) ci'i^d all 
P<^ 
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liminf / \Al\'dpl<cp'^, 



'Bid) 

8 

where c < oo and a G (0, 1) only depend on the manifold M . 

Proof. Let e < eo such that Lemma [3.31 and Lemma [3.41 hold. Let po — /5o(Co,e) > as before and 
apply the Graphical Decomposition Lemma for p < ^ given by Lemma 13.41 to infinitely many k. For 
these k (surface index), /G{l,...,Affc} (slice index) and 7 G ff) define the set 

C\{0 = {x + y\xeB^O(^U,yeL^}. 

From the estimates for the diameters of the pimples P^'' and the C^-estimates for the graph functions 
u^, it follows that 



(17) Di n C' (C) = Din C' (0 n B^in for e < eo and 4 sufficiently small. 

Next define the set A^^. by 



k.l 
3 

3 



For e < Eo it follows that 

3 

From Lemma [5?2] it follows that there exists a set T/ C ff ) with C^{Ti) > such that for all ^ £Ti 

dC\iO n IJ P-'^ = for infinitely many k. 

3 



8 



Now let 7 S T; be arbitrary (it will be chosen later). We apply the Extension Lemma [5.11 given in the 
Appendix to get a function wj. e C°° (^B^{^) n Li.Lf-^ such that 



wi=ui , on 95^(0 nL,, 



.1 



fellL~(s=(?)nL,) < c£6 7 + 4, where 0, 
l|Du;fc||Loo(s.(^)nL,) < c£^+(5fe, where ^ ^- 0, 

where is the 1-dimensional Euclidean Hausdorff measure. 

Observe that, with an analogous argument as above using the estimates on w^, we get 



(18) graph uij, C -B?(C) for e < Eq and Sk sufficiently small. 

4 

By exchanging for each I the disc Dj. n C^(C) with the disc graph w^, we get a new immersed surface Efc, 
which can be parametrized on §^ by a C^'^-immersion : §^ ^ M . To simplify notation at this point 
and later in the paper we just write 

(19) Efc = (^fkiS')\ (^DinC^i^yj U|J graph 

More precisely we have to do the following: Choose a radius 7' > 7 such that the disc D^, has a smooth 
graph representation by uj^, on the annulus A := -B-y'(C) \ Bj{^) D Li. Consider the disjoint union of 
the disc i?7'(C) H L/ and the topological disc A :— S'^ \ fi7^{Dl. n C!y {£,)). Consider the diffeomorphism 
(j):A^S'^\ fi:\D[ n C^, (0 \ (0) given by (/.(a;) = 7^:^(2: + 4(a;)). We define the smooth 2-manifold 
S by identifying x € A and p G \ /^T^I^i n C\, {£_) \ Ci^iO) if '/>(a;) = p. We thus get a C^-i-immersion 
/fe : S ^ M by putting 

on A 

/fe = s a; + u^(a;) for a; e A 



x + w',^{x) for X £ B-y{^) n Li. 

It is easy to check that S is orientable and has cohomology i?^(S) — 0, and hence S is diffeoniorphic to 
S'^. This constructs the desired C^'^ -immersion of 

From the definition of 7 we have that 

/ \A,fdnl<cf \D'wi\'<cj[ lAifdnl^nf \Aifdnl. 

Until now 7 € T; C If) was arbitrary. Since C^{Ti) > it easily follows from a simple Fubini-type 
argument as done in [SiL| that we can choose 7 G Tj such that for every I, k 

\A,\'dnl<c , ,,\Ai\'dnl. 



\ 32 TF / 
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Now notice that for £ < Sq (this follows from the estimates for u\. and Du^) 

Sl(e)cC7!^(C) and {DinCliO)\\JP^'ci[DinBI{0)\\JP^' 



3 

J 



We get that 

/ \A,\'dnl<c[ \Al?dHl. 

Jgraphu,^ JDlnB-,{S,)\B-, {(,) 

"S TO 



By summing over / and using the uniform bound on Mk it follows that 

(20) \A,\'dnl<cY, \Ai\'dnl^c i-fci "A^fc. 

"S" TO F TO 

Since fk is a minimizing sequence for the functional E we get 

E{fk) > E{fk) ~ Ek, where Efc^O, 

which implies 



(21) Yl / \A\'dn'> / 

graph -mj. JS^p (f) 

16 

Using the estimates of Lemma 12.71 we finally get that 

(22) / \Al\^d^il<c[ \Al\^d^il+eu + cp\ 

-'B'AS.) 'IB%(£,)\B% (£,) 

TO ¥ TO 

By adding c times the left hand side of this inequality to both sides ("hole-filling") we get that for all 
P ^ ^ and infinitely many k 



f \Al\'df,l<9f \Al\''d^jil + Sk + cp^ 

JB' (£) JB- (f) 



where 6 = € (0, 1) only depends on the manifold M. Now if we let g{p) = lim inffe^co Is^i^) l^fcl^ "^^^fe' 
we get that 

gip) < eg{2p) + cp" for aU p < 

In view of Lemma 15.31 in the Appendix the present Lemma is proved. ■ 

Now we are able to show that, in a neighborhood of the good points, the limit measure p is the Radon 
measure associated to C^'" flM^^'^-graphs. First we recall the setting shortly: We had that u\ : —y , 
where the set fij. was given by 

r!i = (i3i(0nLi)\U<™' 



where A > |, and where the sets d\^ <Z Li are pairwise disjoint closed discs which do not intersect dB'^{^). 
Define the quantity ak{p) by 



akip)^ \Al\Upl, 



and notice that by Lemma 13.61 and Lemma l3.3l we have 



(23) lim inf at (p) < min { cp" , ce^ } for all p < . 

fe^cso 128 
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Moreover it follows from Lemma 13.41 that 

(24) diam 4 ,„ < cak (p) ^ p. 



Therefore for e < eq we may apply the generalized Poincare inequality Lemma 15.41 to the functions 
/' = Dj u\ and 5 ~ cak{p)^ p in order to get a constant vector 77^, with \'q\.\ < ce'^ + Sk < c and Jfe — > 0, 

/ ID^-??!-!' <cp' / |D2 4|'+cafc(p)3p2sup|D4 
Jn\ Jn'. n; 



'3 

such that 



Now we have 



/ \B^u[\'<cf \At\^dHl<cf \Al\■'d^,t<cak{p). 

Jit Jeraphti; JB'Jf) 



n\ J graph ti'^ JB^pii) 

Since | D ujjl < c and ak{p) < 1 for e < eo, it follows that 



(25) / <cak{p)-^p 



Now let uj. e C^'^(i3^(^) n Li, L^) be an extension of u^, to all of -B^(^) H L; as in Lemma [5.11 namely 



ui = ui 



in s^(0nLAU4™' 



^A: = Uk 



|wfellL~(4„j < c£6p + 4, where 4 ^ 0, 



Dujjll^oof^!^ ) < c£e+(5fe, where 5fc 0. 



It follows that ||u^||Loo(-5|(-^)n^j) + II Du^||ioo(^e(^-)p,ij-) < c, where c is independent of k. From the 
gradient estimates for the function since |77[| < c and because of ([M)) we get that 

(26) / |DMi-r?[f <cafe(p)3p2. 

Thus, in view of ((23)) . we conclude that 



(27) liminf / |D uj, - ryU^ < min |cp2+", C£5p2| for all p < — . 

fe^o° Jsj(C)nL, J 128 

Moreover, it trivially follows that H'^J; [j^i^a^^e (^j^^ j < cp^ < c. Therefore it follows that the sequence 

u\ is equicontinuous and uniformly bounded in C^(i3^(^) n Li,Lj-) and W^'^{Bl{^) n Li,Lj-), and we 
get the existence of a function e C'''^(i3^(^) n L/, L^) such that (after passing to a subsequence) 

4 ^ 4 inC"(S^(e)niz,L^), 

4 ^ u\ weakly in VF^'^(B^ (On ii,L/-), 

and such that the function satisfies the estimates 



11 



Be aware that, a priori, the hmit function might depend on the point ^. Indeed, the sequence u\ depends 
on ^ since it comes from the Graphical Decomposition Lemma which is a local statement. 

Observe that, up to subsequences, rj], — )■ if with \if\ < c£b . Since Dui-^Du^ weakly in L^{Bl{C) n Li) 
it follows that Du^ — ?7[. ^ D — rf weakly in L'^{B\{£) Ci Li), and by lower-semicontinuity, estimate 
p7| implies that 

Po 

128' 



(28) / -?7'f < min|cp2+",c£5p2| for ah p < 



Now we can prove the graphical representation of the limit measure /i. 

Lemma 3.7. For e < there exists a po ^ Po(Co, e) such that for all ^ G spt p n B% (^o) ^.n-d all p < po 

2 

we have 

M 



li^BliO - ^H\(graph4 n BliCi) 



1=1 



where denotes the 2 -dimensional Hausdorff measure of the Riemannian manifold M , and where each 
function u\ G C"'^ (B^(0 H Li,L^) is as above, in particular 



Proof. First we claim that for all p < we have 

M 

(29) MfeLB;(0 - 5]H2L(graph4 n 5^(0) + 0k 



1=1 



where 9k is a signed measure with liminffc_).oo of the total mass is smaller than min {cp^^", cep^}, i.e. 
Ok = el - el with liminffc_,oo {Ol{M) + 0^(M)) < min { cp2+" , cep^ } . 

To prove the claim recall that the diameter estimates in Lemma 13.41 the quadratic area decay and 
the monotonicity formula Lemma 12.61 yield 

Y,C\dl^) + Y.^'{P^^')<cak{p)h'- 

m.l j,l 

Thus Lemma [3?6l yields for p < 

\\mmiY,^'idlJ+liuiMj2n^iPj'') < min {cp2+", cep^} . 

k—^ao ^ — ' fc— >oo ^ — ' j i j 



The Graphical Decomposition Lemma vields pki-Bp{£^) — J^fLi 'H^L(graphM^ n Bp{^)) + 0^, where 

M M 

ek = Y,n\{{Di \ graph^) n b;{0) - ^H\((graph4 \ Di) n b;{0) = el - el 



1=1 1=1 

We have that el{M) < Ej,/ '^^(^j''') and el{M) < cJ^mU^^KJ^ and 1^ follows. 
Now by taking limits in the measure theoretic sense we claim that 

M 

(30) p^b;{0 = Y.n^^{gmphu\ n b;{0) + 

1=1 
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where 6^ is a signed measure with total mass smaller than min |cp^+", ce-ip^l . This equation holds for 
all p < such that 

M (5Sp(0) = -H^graph^ = for all I, 

which holds for almost every p. 

To prove (pO)) let U C M be an open subset. 

1. ) Let p < ^ such that p,{dB'p{^)) = 0. Moreover assume that p^B'p{Cj{dU) = 0. It follows 
that p{d{Ur\ BliC))) = and therefore pu {U n ^ (t/ n B^iS)) . 

2. ) Let p < ^ such that ^^^^graphu^ = 0. Assume that -^^^(graphu^ n {dU) = 0. 
Now in general it follows for the 2-dimensional HausdorfF measure of some C°'^-graph u that 

H^(graph.) -JV^J = J v/a(.,u(.)) 

where the coefBcients A, Bi, Cij just depend on the metric h and are uniformly bounded in terms of the 
manifold M. Especially for the coefficient A we have 



(31) 



A{x) = hii(x)h22{x) ~ hi2{xf, 



where hij are the coefficients of the metric h of M . Therefore we get that the coefficient A is bounded 
from below by a positive constant, namely there exists a constant co > such that 



(32) 



sup A{x) > Co > 0. 

xeM 



Using the L°°-bounds for the functions u\. and the coefficients A, Bi, Cij, we get that 
|H\(graph4 n B;{(,)) {U) - ^^^(graph^ n 5^(0) {U)\ 



< c 



J Li 

Since u\. — )■ uniformly and since H^LgraphM^ (dB^pi^)) = 0, it follows that 
The Dominated Convergence Theorem yields 

Now because of (|32|) and the bounds for the functions u\. and m| it follows that for £ < eq 

Xc/nBe(5,(a;,4(a;)) 



det - x/detff' 



det g^^. — v^dct ( 



< 



X[;nBe(o(^'4(^)) Idetffl -detg' 



< 



XL.nBe(5)(2^'4(2^)) |^»(2;,4(a^))5»4(a;) - B,(a;,4(a;))9j4(a;)| 
XL.nB=(5)(^'4(^)) |C»i(a^'4(a;))9j?li(x)ajMi(x) - C,j(a;,4(x))a^4(a;)aj4(a;)| 



(l) + (2) + (3). 
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Now (1) — > for /c — > oo because of the uniform convergence m^. — > u^. The second term can be estimated 
in view of the boundedness of the coefficients Bi and the functions uj, by 



(2) < c / \B,ix,uii^))-B,ix,u'^ix))\+c x.,ni.e«)(2^,4(2^))P"fc(a^)-D4(x)| 

JB-(i)nLi JLi " 

< C \B,{x,u[{x))- B,{X,U\{X))\+C X„ni.e(5)(2^,4(2;))|0"i(^)~'?fc| 



J Li J Li 

The first term goes to 0, again by the uniform convergence mJ, — )■ u^. For the second term we have that 
X e = if a; ^ i?^ (^) n Lj. This foUows from the L°°-bound for the function ui. 

Therefore we get that 



<C^\B^^^_^^_.^^pcM,j <cp. 

In view of ((27l) we get Hminffe^oo Xcns^co ^ ~ ^fel < min |cp2+". ce^p^j^ -y^j^jj ([28| 

we get in the same way that /^^ DM|(a;)| < min |c/9^+", ce^p^j . Now si 

strongly, we finally get that 

(33) liminf(2) < min |cp2+", ce^pH _ 

It remains to estimate the last term (3). It follows as above that 



since r]\, — > rf 



(3) < c \C,j{x,u't^{x))~C,j{x,u\{x))\+c x,,nBe(5)(a^,4(^))P"fe(^)-D4(x)|. 

"'s-(c)nL, Jli " 

The first term goes to as usual, and the second term is the same as above, which yields 

(34) liminf(3) < min |cp2+", ce3p2| _ 

After all we have finally shown that 

(35) HV(graph4 n 5^(0) {U) = n\{gr&v^u\ n 5^(0) {U) + hiU), 

where 9k is a signed measure such that the lim inf fc_>.oo of the total mass is smaller that min | cp^'^'^ , ce 3 | . 
After passing to a subsequence, 9^ converges weakly to some signed measure 9^ with total mass smaller 
than min Icp'^^", ce^p^j. Assume that 9^{dU) ~ 0. It follows that 9k{U) 9^iU), and therefore we get 
that 

(36) ^hm ?^V(graph4 n B;{0) {U) - H^L(graph4 n 5^(0) {U) + ^iP). 

3.) Since the 9k s were signed measures such that the liminf of the total mass < min {cp2+", cep^}, 
they converge in the weak sense (after passing to a subsequence) to a signed measure 9(^ with total mass 
smaller than min {cp^"*"", cep^}. Assuming 9^{dU) = 0, it follows that 9k{U) — ?► 9^{U). 

Now by taking limits in ([29l) we get from 1.), 2.) and 3.) that 

M 

mlB;(0(c/) = ^H\(graph4 n B;iO) (U) + 9^iU), 

1=1 
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where 6^ — 9^ + 9^ is a signed measure with total mass smaller than min |cp^"*"", ce* p^j^ Notice that 
this equation holds for ah open U C M with ^lB^(0(5J7) = "H^l (graph u| n B^p{^)){dU) = 9^{dU) = 
9^{dU) = 0. By choosing an appropriate exhaustion this equation holds for arbitrary open sets U d M 
and (l30l) is shown. 



Next we claim that spt /it is locally given by the union of the graphs of the functions i.e. for p < ^ 
it follows that 



(37) svtpnB;iO^\JgTe^phu\nB;{0. 



1=1 



To prove this let p < ^ such that (|30p holds. 

1.) Let X £ spt/iH S|(n. Proposition [SH yields pLB^jn(Bl(x)) = piBUx)) > cp^ . We get 



M 

cp^ <^'H^ (graphu^ n B|(j;)^ + cA p^ . 
1=1 



By choosing s < Eq we conclude that J2f=i ^graphu^ n B%{x)^ > and therefore x G \jfii graph 



2.) Let z e {jf^igraphu^^ O B%{^). Write z ~ x + u'-^{x) for some / € {!,..., M} and some x € L/. 
If y G i3| (x) n Li we claim that y + uUy) E _B| (z), indeed for e < Eq we get 

|z - y - 4(y)| <\x-y\ + \u\ix) - u\iy)\ < (l + c£s) |a; - y| < (l + ce*) ^ < ^. 

Therefore 

-HVgraphwi(B|(z)) > cC^iBUx) n L/) = cp^ 

'^2 4 

As above we obtain p{B% iz)) > cp^ — cs^p^ > for e < £0, and conclude that z G spt p.. 

2 

Now (|57|) implies that the functions do not depend on the point ^ in the following sense: Let 
77 G S n S|o (^o)- Then we have for all p < ^ that 

M N 

(38) y graph^ n {b;{^) D B;{i^)) = y graph n (5^(0 n B^iji)) . 
1=1 1=1 

In the next step choose p < ^ such that p (9i3p(^)) = "HgLgraphu^ {9Bp{£,)) — for all and that 
therefore, from 

M 

(39) = ^H2L(graph4 n i?^(0) + 

Let z G spt^ n B^p{^) = Ufl^graphu^ n B^p{^) and let a > such that B^{z) C B;j(^) and such that 

(due to ([50)) for the point z) pi_B^{z) — J2i=i (graph n i?^(z)) + 9^, where the total mass of 9^ is 
smaller than ctJ^+". From (p8)) it follows that 0^ (i3^(z)) = 9z {B^{z)) , hence we get a nice decay for the 
signed measure 9^, namely 

(40) lim ^^^^^^'"-'^ for all z G spt /i n B'^i^) = Q graph ^ n S;;(0. 
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Now it follows as before that for all z e spt ^ n i?p(C) — \]^L\ graph n i?p(C) 

(41) ,„.„,E,'i.HV(gr.ph„;nBg(f))(B;M)^^^^ 

Now for z e spt /i n Bl{i) = Uf£^ graph w| n B^^i) and cr > such that B%{z) C it follows from 

dSll), (Uni) and gH) that 

pi^Bl[i){B%{z)) h{Bl{z)) 



E;=i H2L(graph4 n B^(0) (B^(^)) E;=i ^^^(graphu^ n 5^(0) (5^(2)) 

Since the right hand side converges to 1, this shows that V)(^m •H2L(graphti' nS'=(c))) (m^^p(O) k^) ~ 1 

all z € spt/i n = Ufii graphu^ n Bl{i). The Lemma now follows from the Theorem of Radon- 

Nikodym. ■ 

Up to now we have shown that, away from the bad points, the limit measure /i is locally given by C^-^- 
graphs with small gradient bounded by cee. In the next step we will show, using the power decay in 
Lemma rS. 61 that these graphs are actually C^'" n M^^'^-graphs, and that the i^-norm of their Hessians 
satisfy a similar power decay. 

Proposition 3.8. For e < eo there exists a po = Po{(.o,£) > such that 

(i) < e c'^'^iLi n B;^i^o)) n W'^iii n i?;(Co)), 

(a) / I '^^ol^ ^ Cct" for all x £ 5p(,(Co) H Li and all a > sufficiently small. 

Proof. By applying Lemma [3771 to — ^o, we get that for e < eo there exist po = P(){(,o,£o) > 0, 
2-dimensional planes L; C T^gM, 1 = 1,..., M^^ , and functions € C°'^ (L; Pi B^^ (^g)) such that for all 
P< Po 



Because of the uniform bounds on the area and the Willmore energy of the immersions fk in the in- 
duced metric gk, it follows from Lemma 12.71 that, for po maybe smaller, we have Pki-Bpgi^.o)) < C and 
Jg^ ^^^ j \H^\'^dp'j^ < C. It follows that Pk'--Bpg{£,o) defines an integral, rectifiable 2-varifold with uniformly 



bounded first variation. By a compactness result for varifolds (see |SiGMT| ). there exists an integral, 
rectifiable 2-varifold p^ with weak mean curvature vector G L'^ip), such that (after passing to a 
subsequence) pli-Bp^^{^o) p'^ weakly in the sense of Radon measures and such that 

(42) / iR'^l^dp" < liminf / \H^\^ dpi for all open U C (^o)- 

Ju Ju 



Repeating the proof of Lemma 13.71 by replacing everywhere the Hausdorff measure of the manifold 
with the Euclidean Hausdorff measure H^, we obtain for all p < po 



E 

1=1 



p'^B;{^o) = E ^e^(graph< n b;{(o)) 



Since the norm of the mean curvature can be bounded by the norm of the second fundamental form, it 
follows from Lemma [3.61 and the lower semicontinuity above that for all ^ G _Bp^(^o) and all > such 
that 5^(0 Ci?^„ (Co) 



/ l-ff'pd/i^ < c liminf / \Al\^dpl < ca" 
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By definition of tlie weak mean curvature and the grapfi representation of /i'^ it follows that the functions 
are weak solutions to the weak mean curvature equation 



2 



ij = l 

where Fi{x) = x + and {gi)ij = 5ij + diu'^^_^ ■ dju'-^^. 

Now first of all it follows from a standard difference quotient argument (see |GT) . Theorem 8.8) that 
^ ^^oci^i ^^poi^o))- By applying the weak mean curvature equation to a suitable test function and 
using the bounds on D u^^^ and the power decay of the Willmore energy above one gets for x S B^^ (Co) H Li 
and all cr > sufficiently small that 

\D'u\f<cf \D'4f + ca'^. 

B% {x)nLi JB%{x)\B% {x)nLi 

"5" "2" 

For details see [Scb^ . Now again by " hole-filling" we get !B%{x)nLi |D^4ol^ ^ ^ /B=(x)nL, |D^4ol^+'=^" 

for some 9 £ (0, 1). Applying Lemma [5.31 we obtain (ii). Now it follows from a Lemma of Morrey (see 
pT] , Theorem 7.19) that 

eC"^"(B;„(eo)niO, 

and the Lemma is proved. ■ 

Therefore we have up to now shown that our limit measure ^ can be written as C^'" H PF^'^-graphs 
away from the bad points. Now we will handle the bad points and prove a similar power decay as 
in Lemma 13.61 for balls around the bad points. From this decay it will follow that the set of bad points 
is actually empty. Since the bad points are discrete and since we want to prove a local decay, we as- 
sume that there is only one bad point ^o, and we will again work in normal coordinates around that point. 

We will start with a technical but useful Lemma. 

Lemma 3.9. Consider normal coordinates centered in on a neighborhood U C M . For x £ U let 
p € fk^ii^}) ^ preimage of x and consider the tangent space Tpf^. We denote with {Tpfk)-^' the 
orthogonal complement in the normal coordinates, and with _Le the projection on (Tpfk)'^''- Then for 
every e > there exists a Pq = Po(Coi£) > 0, such that for p < Pq and k sufficiently large 

(43) ^^^^<e forallxeisptfiknB;{^o)\B%{^o))\Bk, 

where Bk C spt/i^ n ^^^(^0) with At^(B^(Co) \ B%{^o) n Bk) < cep\ 

Proof. By Nash's Embedding Theorem we can assume that M C is isometrically embedded for 
some p. Therefore the sequence {/fcjfegN can also be seen as a sequence of immersions in Rp. Then 
Proposition 12. II and the uniform bound on the Willmore energy W{fk) yield / \H^2^^p\^d'H'^p < C. By 
(3.32) in |SiL| there exists a po > such that for p < ^ and k sufficiently large 

'^^"j';^'''"'' < I for aU X e ifkiS') n <(Co) \ Sf (Co)) \ Bk, 
\x - ^o\rp 2 ' 1 

where Bk C ^(S^) n B^ {^0) with ^^^(/^(S^) n BYJ^o) \ Bf (Co) n Bk) < cep\ Now it's easy to see 

2 4 

that 

l(^-eo)-'-|e . |(x-go)-^«1«P 

— \ T\ — \ T\ ^ ^^P>' 
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where R{p) — > as p — > 0. Therefore, by choosing po sufficiently small such that for p < po we have 
Rip) < s/2, M n {B;{^o) \ Bliio)) C M n (i?f;(Co) \ Bfi^o)) and M n B|(eo) C Af n i?^„(Co), we 
obtain the result. ■ 

Now remember Definition 13.11 of the bad points. It follows that there exists a. po — po{(,o,£) > such 
that for p < pq and k sufficiently large 

r 

/ \Ak\^dpk < ^■ 

iSa f«o)\-B£(?o) ^ 

By choosing pQ smaller if necessary it follows from Lemma 12.71 that 



(44) / \Al\^dpl<e'. 



j 



Moreover we get for p < po and k sufficiently large that 

(45) sptMfcnaB|^(Co) ^0. 

To prove this let G spt fik such that — ^o- Thus spt pk H B% (^q) 7^ for fc sufficiently large. Now 

4 P 

suppose that spt^fe n dB% (^q) — 0. Since sptpfc is connected, we get that spt^^ C -B| (^0). It follows 

4P ' iP ' 

that 

diam,i(sptpfe) < cdiame(sptpfe) < cp < cpo, 

and therefore, by choosing po smaller if necessary, we get a contradiction to the lower diameter bound 
given in (fT2|) . 

Let z £ spt pk n 9-B| (^o)- Recalling Lemma [121 we may apply the Graphical Decomposition Lemma to 

4P 

get that 

Mk{z) 

/i^LBpi)- E ^e'L((graph4u|Jp/'') nSpi)), 
1=1 j 

where fi^ = (i?^(7r^i^ (z)) n L^) \ IJm ^i,m '^ith A > where L'j, is a 2-dim. plane, and where the sets 
d^j m C are pairwise disjoint closed discs. We have the following estimates: 

(46) Mfc(z) < c-c(Af), 



(47) Yl diam4^„ + ^ diamP/^' < ce^p^ 



1 



(48) -|l4llL~(f2U + llMlL-int) < ce«. 



Remark 3.10. Notice that z S spt/ifc n dB% (^0) was arbitrary. Cover Bf .^ ^ x (^0) \ Bf^ ^ x (^0) 

4'' (i + 12s)P l4~T28jP 

6?/ finitely many balls B%_ with center on dB% (^0) f^f^d where the number does not depend on p, namely 

64 4P 



5(3+^^(^0) \ 3„^^ (Co) C U B% {y,), 

■i— 1 
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where yi G 9-B|^(Co) and I is a universal constant. From this it follows that there exist points {z^, . . . , z'^''} C 
spt fik n dBt (^o) with Jk < I, such that 

4 P 

(49) sptMfeni3^3,^^ (eo)\S/3„^^,(eo)c |Ji?^(zf). 

V 4^^128 7'' V4 128 )f ^-^ 32 

2 — 1 

Now denote by 

(50) {S^|l<P<Pfc} 

the images via fk of the connected components of f^^{B'7 ^ n (^q) \ i (Co))- From the above 

inclusion, the universal bound on Jk, the graphical decomposition from above and the universal bound on 
Mk{z^) we get that 

(51) Pk < c, 
where c is a universal constant independent on k and p. 

In the next step we show that 

(52) dist (Co,ii) < cesp for ah / e {1, . . . , Mfe(^)}. 
To prove this notice that Proposition 13.51 and Lemma 12.71 imply 

(53) pUBliz)) > cp\ 
Moreover notice that 

(graph4nB|^(z))\Sfe^0, 

where Bk was defined in Lemma l3.9l This follows from the graphical decomposition above, the diameter 
estimates for the sets Pj''', the area estimate concerning the set Bk and ([55)) . 

Let y e (graph 4 n B% (z)) \ 6^ C (spt fik n B'^i^o) \ S| (Co)) \ Bk. It follows that 

ICo-^T,/.(Co)| <£|y-Co| <e(|y-z| + |z-eo|) <cep. 

Define the perturbed plane L'^ by L'^ — L'^ + (y — tt^i^ (y)). Thus dist(L5,, L'j,) = |y — 7I'l5^(2/)I ^ cei p (since 
y G graph4nB^(2;)). Now Pythagoras yields ly - tt^z^ (ttt^^ (Co))P < |j/ - ttt^a (Co)P < I2/-C0P < cp^. 
Since Tyfk can be parametrized in terms of Du\^{y) over L\., we get that 

kT„/k(Co) -7r|,ij7rT„/,(Co))| < l|D4lU-|y-7r£, (7rT„/,(Co))| < ce^p. 
Therefore by triangle inequality we finally get (j52p . 

Since dist(^oi-^fc) < ce^p, we may assume (after translation) that Co G for all I G {1, . . . , Mfc(z)} 
and k without changing the estimates for the functions uj^,. Moreover we again have that L[. — > L' with 
Co G L'. Therefore for k sufficiently large we may assume that L[. is a fixed 2-dim. plane LK 

Now we have that either the point z lies in one of the graphs or can be connected to one of the graphs. 
Without loss of generality we may assume that this graph corresponds to the function u].. Subsequently 
we will work only with this function it^, which is defined on some part of the plane Li with some discs 
dl, ^ removed. We will therefore drop the index 1. Define the set 



^'=(^) = ^"^V64'V2.32 



dB'';{TiL(z))r^[jdk, 
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It follows from the diameter estimates and the selection principle in |SiL] that for e < Eq there exists a 
T G 1^^, ^^2 ) ti^at T e Tfe(z) for infinitely many k. 

Since G it follows from the choice of r that for e < eo 

as|^(^o) n as^(7rL(z)) n L = {pi,fc,P2,fe} , 

wherej>i,fc,p2,/i; € (-B *^ p (7r/,(z))nL)\i tifc.m are distinct points. Define the image points z^^fc G graph li^ 
by 

Zi,k = Pi.k + UkiPi.k)- 

Using the L°°-estimates for Uk, we get for e < Eq that |p < \zi^k —£,o\ < |p, thus J^^ l^feP <^Mfe ^ 
Therefore we can again apply the Graphical Decomposition Lemma to the points Zi^k- Thus we get that 

fil^B^Kk)= ^^(( graph <fc U IJP;^'^^') n B^Kfe)), 

(=1 J 

where the usual properties and estimates holds. 

Now we have again that the points Zi^k either lie in one of the graphs u\ ^ or can be connected to 
one of them. Without loss of generality let this be the graph corresponding to u\f.. We will again drop 
the upper index. Since Zi^k G graph u/c it follows that dist(zi^fc, L) < cei p and that graph it^^fc is connected 
to graph Mfc. Since the L°°-norms of Uk and Ui^k and their derivatives are small, we may assume (after 
translation and rotation as done before) that Li^k = L. 

By continuing with this procedure we get after a finite number of steps, depending not on p and k, 

an open cover of dB% (^0) H X, which also covers the set 

4 P 



A{L) 



|a; + y|xeL,dist (x, 9S|^(Co) n l) < -^=^, y e L^, |y| < 



Now it can happen that after one "walk-around" we do not end up in the same disc of spt pk H B%_(z) 

32 

which contains the point z. But then we can proceed in a similar way and do another " walk- around" . 
Now by construction, the "fiatness" of the involved graph functions and the diameter bounds for the discs, 
every " walk-around" corresponds to a part of spt pk with an area that is bounded from below by cp^ , 
where c is a universal constant independent of k and p. On the other hand we have that Mfc(^p(Co)) ^ cp^. 
It follows that after a finite number of "walk-arounds" (which is bounded by a universal constant) we 
have to get back to the disc of spt pk H B%_ (z) which contains the point z. 

32 

We summarize the above procedure and the resulting properties in the following remark. 

Remark 3.11. If s < Eq, then for each component there exist a natural number kp and a smooth 
function defined on the rectangular set 

3 1 \ /3 1 



where the d^ ^ are closed discs in (^(^j — vTei) '°' (l V^ei) ^ I*^' ^'''^p)' ^''^'^^ ^^'^^ 
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where graph = {(re*^, u^{r, 0)) | (r, 9) e _B^} anrf _Rp denotes a rotation such that i?p(M^) = Lp, where 
Lp is the 2- dimensional plane with (^q £ Lp. Moreover we have 



lam , 



FFe ma?/ assume without loss of generality that the discs d^ „j are pairwise disjoint, since otherwise we 
can exchange two intersecting discs by one disc whose diameter is smaller than the sum of the diameters 
of the intersecting discs. 



Now let p < po and define the set 



256 



256 



\Al\^dsl<^-^s' 



Again it follows from the diameter bounds, a simple Fubini argument and Lemma 15.21 that there exists a 
CT e ((I ^ 255) (I + 255) P) ^ ^ C'fe(^o) for infinitely many fc G N. For such a cr denote by 



(54) 



the images of the components of /j, (i?^(^o))- By Remark l3.10[ we get that is bounded by a universal 
constant which is independent of k and p. 



Lemma 3.12. Suppose that 



\ J \Al\''df^l<4n-S 



for some 6 > (which holds in our case by Lemma \2.3\) . Then for e < eo each I]| is a topological disc, 
and moreover kp — 1 for all 1 < p < Pk- 

Proof. Fix fc e N. First of all we construct a new immersed surface Efc such that [jik denotes the 
associated Radon measure) 



(0 



A2fcui?^(eo) = M^.LP^(eo), 



Kgdfik 



(Hi) I Kgdflk = 0. 

(f +T5s)p 



< c£3 , where Kg = sectional curvature of Efc, 



To define E/c recall Remark 13.111 and notice that J2p m diamd^ < ce^ p. Now denote by Mk the number 
of all discs d^^. Because of the diameter estimate it follows for £ < eo that there exists an interval 
I'k C ((I - P, (I + ik) P) ^ith £i(7D > ^p, such that (F, x [0, 2nkp)) n U„ = 0. 

Let II = ial,bl) and ipp £ C°°((0, 00) x [0, 27rfcp)) with < (^p < 1 such that 

V3p = 1 on {0,al) X [0,27rfcp), ipp ^ on (fe^,oo) x [0,27rfcp), |D(^p| < ^ and jD^pl < ^• 

Now define new "components" by 

tl = ((i?p(graphC7n UU^'^'^) nPf3^^),(eo)\i?(3_^),(eo)) U (^p \ S(|^^),(eo)) , 
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where graph is given by 

gmphUl = {{re^',ippir,0)ul{r,0)) \ {r,e) G Bl] , 

and where again Rp denotes a rotation such that _Rp(M^) ~ Lp. Namely we just "flattened out" the 
components E]^. Observe that by construction and Remark 13.111 outside of the bah B'r^ ^ x (^o); is 

V 4+128 j'' 

a fcp-fold covering of the plane Lp. 
Now define the new surface by 

p p 

Observe that by construction, is an immersed surface given by an immersion Fk : Nk — > M, where Nk 
is obtained by gluing ends EP^R'^\D to fk^{B%_^. (Co)) along f^^id^l n dB-f^^^^. (^o)), such 

[ 4 128 )P \4 128 )P 

that outside the ball B'7^ ^ ^ (Co), ^fei p is a fcp-fold covering of the plane Lp. 

By definition, (i) follows immediately. Since Efc \ B'r^ ^ . (Co) — {Jn^p\ B% i ^ (^o), also (ui) 

1, 4 + 128 7'' ^ 1,4+1287'' 

follows directly. To prove property (ii) notice that 

JB" ^ («o)\-BS(?o) J B-iio)\Bmo) p Ji?p (graph t/j) 

Now the first integral on the right hand side can be estimated by 

/ \K,\d^il<\[ \Al\'d^,l<e\ 

2 2 

The second integral can be estimated by 

/ \Kg\dJXk<\l \Ae\'dfl,<c[ \B\ippul)\^. 

ifip(graph(7P) ^JgraphC/P J 

Because of the properties of the functions and ipp we have 

I D2(^p<)P < c (|<n DVpP + I D <n D + I^pH d2 < cil + I 
and therefore we get 

/ \D\^pul)\' < cei + c f \Al\'dt,l<c-J+c[ |^^pdM^,<cei 

JBl JgraphC/P JB'((,o)\B-'p{io) 

2 

Thus property (ii) follows by summing over 1 < p < -Pfe < c. 

Now denote by : Efc — > §^ the Gau6-map and notice that N is constant on each end. Therefore 
the degree of the Gaufi-map deg(iV) is half the Euler characteristic, and it follows from Gaufi-Bonnet 
that 



deg(7V) ^ ^ j Kgdfik = ^ f Kg d/ifc + -3- / Kg duk- 

(l + Tfc)p 

Therefore we get that, using (ii) above, 

/ Xgrf^ifc -47rdeg(iV) 



< ce3 . 
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On the other hand it foUows from the assumptions and Lemma 12.71 that 

by choosing po smaher if necessary. Since deg(A^) G Z, it fohows for e < Eq that 



(55) 


/ K.dpl 




/ Kg dfik 











< ce3 . 



Now by the choice of a we have for all p = 1, . . . , Pfc that 

where each jp is a closed, immersed smooth curve and where Pk is bounded by a universal constant. 
By construction and the choice of a we have that 7^ n IJ^- Pj'^ = 0, therefore (see the almost graph 
representation of above) jp is almost a flat circle of radius a which can be parametrized on the 
interval [0,27rfcj,). After some computations it follows from the choice of a that (where k denotes the 
geodesic curvature) 



/ K dsk — 2'iTkp 


< cee + c 







re + CCT5 



and therefore it follows from the bound on Pi- that 



dB-do) / VP 



e < c£ 6 , 



(56) 



Pk 

; dsl — 2-K kp 
p=i 



< ce<^ 



Now the Euler characteristic of is given by 

Xin) = 2(1 - gg) - b„ 

where bq is the number of boundary components of S^. and gq is the genus of the closed surface which 
arises by gluing bq topological discs. Especially we have 



bq>l and y^ bq^ Pk. 

q=l 

By summing over q we get that the Euler characteristic of IJ^j:-^ is 

/ Qk \ c 



Since Qk < Pk, we finally get that 



2(Qfc - g) - Pk, where g = ^gq > 0. 

q=l 



Pk 



Pk > 2(Qfc ~g)-Pk = ^ ! Kgdfil + ^ [ Kdsl>Y^kp~ c£S > Pk - cei 

Since 2{Qk — g) — Pk G N, it follows for £ < eo that Pk — 2{Qk — g) — Pk- Since Qk < Pk we get that 
Qk = Pk and 3 = 0. Thus gq = and bq = 1 for all q. This yields that the Euler characteristic of is 1 
and therefore each is a topological disc. Moreover the estimate above yields kp = 1. M 
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Now define the sets 



CI 



se 0, 



Rp graph C/J 



\Ai\^dsl<^-^ I \Al\■'d^,l 
p J^l 

((ip+a)x[0,2^))^ 

By the diameter estimates for the discs d^^, ^ , again a simple Fubini-type argument and Lemma 15.21 there 
exists a s S (O, j^g) such that s £ for infinitely many k. It follows that is defined on the line 



(Ip + s) X [0,27r). Now it follows from Lemma [3.121 that i?p^ graph 



k\ 



((|p + ^)x[0,2x)) 



) divides 



into two topological discs Ej^'*', Sj'*', one of them, w.l.o.g. Si'^, intersecting B% {^o). From the esti- 

mates for the function and the choice of s we get that sj'^ C -B/3 1 x (^0): and Lemma [2.21 yields 

V4+T2S j'' 



According to the Lemma [5Jl let G C°° (^S|^^^(^o) H Lp, L^^ be an extension of Rp[U^) restricted to 
dB\ (^o)l^-^p- In view of the estimates for w^, and thus for w^, we get that graph it;^ 1 \ i^o)- 



Now we can define the surface Sfc by 



Efc= U(S2)\|jEt'M UU graph, 
\ p / p 



and we can do exactly the same as in the proof of Lemma 13.61 to get the same power decay as for the 
good points, but now for balls around the bad points. But by definition the bad points do not allow a 
decay like this, and therefore we have proved that there are no bad points. 

Up to now we have shown that the limit measure fj, is locally given 

next step we show that there exists a C'^'"' n VF^'^-immersion / : §^ ^ AI such that /i is the Radon 
measure associated to this immersion /. To prove this we will apply a result of Breuning [Breu] . which 
involves so called generalized (r, A)-immersions (for the Definition see Definition I5.5p . 

For that recall Lemma 13.41 and Lemma 13.71 namely for every ^ G spt fi there exist a radius > 
and a natural number G N such that 

(i) ^fcLB^^(0 ^Efil'^^L^^graphuf UUjP/'') nB^^(C)) for fc > , where are smooth functions 
defined on appropriate planes Li with the usual properties and estimates, 

(ii) = Efil'W^L (graph u; n where are C^'" n VF^'^.f^j^^yoj^g ^^ggj^g^i 2.;. 

For ^ e spt fi let := sup{r^ > such that (i) and (ii) holds}. Since spt p is compact, it follows that 
p := inf{(0^ : ^ G spt p} > 0. Notice that (i) and (ii) holds for p instead of r^. 

By compactness of spt p there exist {^i,-.-,^/} C spt p such that spt p C Ui=i-^£(fi)- From the 

4 

Hausdorff distance sense convergence it also follows that /a;(§^) C Ui=i B%{^i) foi' ^ sufficiently large. 

4 

Now (i) yields pk\-Bp{^i) — X]f=i' ^^'-((g'^aphttf'* U IJ^- Pj^'''*^ nBp{^i)j. By the diameter estimates 
for the P^''"'^ and the selection principle 15.21 there exists a | G (f , 5) such that dBp{^i) n IJ; j Pj"'''* = 
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for alH € {1, . . . , /} and infinitely many k. 

Of course we still have that /fe(S^) U spt /i C Ui=i-^l(Ci): ^l^o the graphical decomposition as 

2 

in (i) and (ii) still holds in _B?(^i). 

First consider /fc(S2) n B^{^i). We replace the pimples of n with the extension 

Lemma lS.ll as done in the proof of Lemma 13.61 bv graphs of functions with small C^-norms defined on the 
discs dfc^,„. It follows that the sum of the areas of all these graphs is bounded by cX]m(^i^™^/c m)^ — '^^P^ 
which follows from the diameter estimates for the discs. Notice that by the choice of p, no pimple intersects 
and we obtain a new C^'^'^-immersion f^-.S'^^ M such that 

(57) /,(§2) \ i?|(eO = /i(§2) \ B|(6), fliS^) n B|(ei) - U graph «;f'^ n B^^iCi). 

1=1 

Moreover the above area estimate yields ^\{M) < fik{M) + cep, where pj. denotes the Radon measure 
associated to Observe that by construction wf'^ : Lj n i?|(Ci) ^ i^l)'^ ^"^^ C^'^-functions satisfying 
4||wf'^||Loo + 11 Dw^'^Wl:^ < c£5 + 5k, where dk — >■ 0. By construction of the limit graphs representing p 
(see the part after Lemma 13.61 and Lemma l3.7p we have that w'^'^ uj.i uniformly, where ui^i are the 
graph functions representing p, namely p^B^^^i) — J2if.\ 'H^L(graphu;4 n B^{£_i)y 

Now consider a point G {^i, . . . such that i?|(^i) n B%{^j) ^ 0, without loss of generality j = 2. 

2 2 

Recall that pk\-B^{^2) — J2f=i "H^L^^graphuJ"'^ U IJ^ pj^^'^^^j ^ _B^(^2)^ , where uf'^ are smooth functions 
defined on appropriate planes Lf. 

Observe that fl{§^) n 5^(6) H B5(6) = Uff\ graph wf'^ n S^(fi) n B|(6), and because of the C^- 
estimates for wf'^ and u^'^ and the diameter estimate for the pimples, these functions can be written as 
graphs over the planes Lf satisfying analogous estimates. We conclude that /^(S^) n i?|(Ci) H -B^(C2) — 
Ufii graph wf'^ n B^{£_i) n Bp{^2), where now the functions are defined on the planes Lf. From (|57|) . 
the graphical representation of fki^'^) H -B^(C2) \ and the choice of p, we can replace the pimples 

inside i?|(^2) \ -B^(Ci) with new graphs as done before obtaining a new C^'^-immersion /| : ^ M 
which is the union of graphs (without pimples) in both balls such that the corresponding graph functions 
converge uniformly to the graph functions representing p, and such that pf,{M) < pk{M) + 2cep, where 
pI denotes the Radon measure associated to 

Repeating the above procedure / times we obtain a C^'^-immersion fk := : §^ M such that 
fJ'iiM) < Pk{M) + Icep, where pi denotes the Radon measure associated to Because of the uniform 
area estimate given in Proposition 12 . II we have on particular pl{M) < C. 

Now we show that fk is actually a generalized (r, A)-immersion. Recall that spt/i C Ui=i^^(6) is an 
open cover of spt p. By Lebesgue's Lemma there exists the Lebesgue number p > such that for every 
^ € spt p we have -B|(C) C S^(^i) for some i G {1, . . . , I}. Now observe that also /fc(§^) converges to spt p 
in the Hausdorff distance sense (which follows from the uniform convergence of the corresponding graphs) , 
thus Bi{fk{S^)) C ULi for k sufhcicntly large. Let p £ ^nd observe that BUfkip)) C B${^i) 

for some i. Therefore by construction of fk we have 

Mi 

/fe(§2) n B1 ifkip)) - M graph n {fk{p)), 

2 2 
1=1 

wherewf'' : L|ni?|(^i) — > (L^)-'- are C^'^-functions satisfying || Duif'^ljioo < ces +(5^, where (5^ 0. Now 
recall that by Nash's embedding theorem we can assume that our ambient manifold M is isometrically 
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embedded in some W. Denote by : ^ R^" an Euclidean isometry which maps the origin to fkip) 

and the subspace x {0} onto fk{p) + {LI — tt; (/^(p))), where ttj denotes the orthogonal projection onto 
L}. We get that 

Mi 

MS')nB^Mp)) = y A^^.(graph^if'^ni3|(0)), 
1=1 

where Wj*^'' : n -B^(O) — > (JR^)-*- are C^'-'^-functions given by 

4'\x) = (4^.)"' - - ^K/fe(p)))) - {hip) - ttUMp)))) , 

and which satisfy || Dwf'^\\L°° < ce^ + Sk, where Sk — > 0. Now denote by C §^ the component of 

2 -P 

(tt o ,)~^ ° n S|(0)) containing p, where TT : M*' — > is the projection on the first two 

coordinates. By construction we have {A'^ j i)^^ ° fk{U^ ) = graph Wj C\B% (0) for some I £ {1, . . . , Mi}. 

P' I 2 2 

Finally, for given A < i we get that for e < Eq and k sufficiently large that : ^ M is a gen- 
eralized (|, A)-immersion, namely {/fcjfeeN C J^^(r, A) for r = | and X < \. 

By the compactness Theorem 15.61 for generalized (r, A)-immersions of Breuning jBreu] . there exist a 
generalized A)-function f : ^ M (see Definition 15. 5p and diffeomorphisms (/<fc : §^ — > §^ such 
that fk°4>k^f uniformly. Let us briefiy recall Breuning's construction of the limit /: Let g e and 
(Ik = (j^kiq)- By the uniform convergence of fk°(f>k we have that for k sufficiently large i?| {fk{qk)) C B'^{^i) 

2 

for some i. By the construction above we know that for each large k 

(< lO"' ° hiUt „ ) = graph 7l;f'^ n B% (0) for some ^ e {1, . . . , MJ. 
Now Breuning proves that there exist A-Lipschitz functions u\ such that 
(58) w^''^^ , 4^^^. and (A,,^.)-! o /([/|_^) = graph lij n i3| (0). 

On the other hand we know from the representation of the limit measure that 

MlBK^O = ^H\(graphui ni3?(^0) , 

1=1 

where u\ are C^'" n M/^^^^-functions defined on the planes L\. By construction of these limit graphs as 
carried out before we get that the function given by 

converges uniformly to u\. Since fk{qk) = fk{4>k{q)) f{q)^ it follows from ([55]) that 

^K^) = {A^,L'y {Kli^^) - (/(<?) - - (/(?) - ^\{J{q)))) . 

Therefore the function u\ is actually C^^" n W"^'"^ and (graph {tj) = graph u| . Thus 

J = ^5.L. (graph lij n 51(0)) - graph n i?|(/(g)). 

2 '"i ^ ■ i 2 2 

We have therefore shown that the generalized (|, A)-function / : §^ M is actually a C^'" n W'^''^- 
immersion and that /x is the Radon measure associated to the immersion /. 
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Finally we show that / satisfies the Euler-Lagrange equation and is smooth. First we prove 

(59) E{f) = inf{£:(F)|F e n W'^'^{S'^,M) immersed}. 

A standard approximation argument implies that the right hand side equals the infimum inf [§2 jvfj E{f) 
among smooth immersions. Therefore, (|59p follows if we prove the lower semicontinuity of the functional, 
i.e. 

(60) E{f) <\immiEifk). 

For this we employ results about curvature varifolds due to Hutchinson |Hul| . For convenience of the 
reader, we recall the main points. For an open set U C M", let / G fl W;^'^(S, /7) be a properly 
immersed surface with induced metric g. For any vector field Y S C^(T,,M") we have the first variation 
formula 

(61) / diVgYd^ig^- I {H,Y)d^ig. 

The projection P{p) : M" — > M" onto the tangent space Tpf = Df{p)Tp'S is given by 

p = g"^{d^f, ■ )d0j eC'n iy/„f (I],m"><"). 

We define a vector- valued bilinear form B{p) : R" x M" M" of class Lf^^ by the formula 

:B(e„e,) =5"''(5a/,e.)(a/3P)-e,. 

Note that !B (5a/, • ) = Now we take Y = XoGfin dS]), where X e C^t^ x R"><", R") has compact 

support in the first variable and Gf{p) = {f (jp) , P (jp)) is the Gaufi map. Compute 

div^r = g''P{d^Y,dpf) 

= g'^^HD^X) o Gf dpf) + g"^{{DpX) o Gf dpf) 

= ti^f {D,X) oGf + {dp,X')oGf bI . 

The integral 2-varifold Vf induced by / on 6*2 (C/) — U x G{2,p) has weight measure /^/ = H^^9f, where 
Of(x) = iff ^^{x} is the multiplicity function, and we have 

/ q^ix,P)dVf{x,P)= [ q^{x,T,^if)dnf{x) for all G C,°(G2(C/)). 

JG2{U) Ju 

Following Section 5.2 in [Hulj . we show that Vf has generalized curvature given by 

^(^) = ^ E ^(P^ for xe /(E). 

We put 5 = outside /(E). To prove the claim we must verify that 

(62) ( tT^{D^X)dVf+ [ dpkX' B^jdVf = - [ {Bu,X)dVf. 

Jg2{U) Jg2{U) ' Jg2{U) 

This will follow from the first variation identity above, recalling that Tx^f exists for /i/-almost every 
X & U, and hence T^fij = Tpf for p € f~^{x}. We compute 

/ tr'' {D,X){x,P)dVf{x,P) = [ tY'^-f{D,X){Gf{p))dfig{p). 
Jg2{u) Jt. 
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Secondly, 

/ {dp.X^){x,P)Bf^ix)dVf{x,P) = [ (ap.X^)(G/(p))B'(p)dM,(p). 

J G2{U) 

Similarly, 

/ {Bu{x),X{x,P))dVf{x,P) = I {Bu{p),XiGf{p)))d^lgip). 
Jg2{u) is 

To calculate B, we first observe that B{N, • ) = if iV is normal along /. We further calculate 

B{dc.f,dpf) = d^P-d0j^dlpf-PdlpJ^A^p 
B{d^f,N) = d^P-N = -Pd^N ^^gP'<{d^N,dpf)d-J ^g^^N,A^p)d^f. 

In particular Bu = H which completes the proof of We will also need that B e Lj^^{fif ) is uniquely 
determined by see [Hulj . Proposition 5.2.2. 

Next consider a sequence of varifolds 14 — >■ F weakly in G2{U), and functions ipk S L'^{Vk;M.™) with 

Co := lim \\ipk\\L^(Vk) < oo- 

k^oo 

Define the linear functional Afc : C°(G2(C/), K") R, Ak{(p) = /g2(c/) ('^' '^fe) ^^k- Clearly 

|Afc(0)| < ||V'/=liL2(y,)Vfe(spt(?!))^||(/)||co(c/). 
By the Banach-Alaoglu theorem, we have — > A in C°(G2(C/))' for a subsequence, and we get 

|A(0)| < Go ^spt 0)^11 011 co(c/) for G°(G2(C/),M™). 
By the theorem of Riesz, the functional A has a representation 



A(0)= / (0,i^)d|A|, 
"'G2(;7) 

where |A| is the variation measure and v : G2{U) — )• M™ is Borel measurable with = 1 almost 
everywhere with respect to |A|. But |A| is absolutely continuous with respect to V, hence we have 
|A| = V^e for some function 9 e L]^^[V,M+). Put ij; ^ Ov L]^^{V,W"') to obtain 

f (0, V) dV = lim / (0, Vfc) dT4 for all € G°(G2(t/), M™). 
Now for any e G^(G2(C/), R™) we can estimate 



A(0)= / {<P,^)dV<C^ lim ||0||L2(y,) -Go||0||l2(v). 

Thus A extends continuously to R™) and hence V e L^(F,R™). Moreover, for any rj e G°(f/,Ro 

we get by Cauchy-Schwarz 



Canceling we obtain 



v\M^dV<(^j r]\il;\^ dVy limM J r,\^k\^ dYk)"' 
[ vWdV < liminf / r]\,Pk\'' dVk. 
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We now return to the setting of immersed surfaces. Let /fc G n VK^^f (S^, U), / G n W^^^{T., U) be 
properly immersed. Assume that 

ll^/fc ||l2(S;,) < Co, and Vf^^ Vf as varifolds in U. 

Let us fix a cutoff function rj e C°(t/, Rj). From the above we see \B\'^ = 2|Ap and 

f v{x)\B{x)\Ufif = f f^{x)0f{x)-'\ B{p)'dfif{x) 
< / vi^) Y \B{p)\^dn\x) 

''^ p€f-Hx} 

l]0f\A\^dHg. 

In order to have equahty for / in this argument, we make the technical assumption that / is injective. 
It now follows that Bf^^ is bounded in L^(Vfc), and Vk^Bf^^ converges to V^B as varifolds, for some 
B G L^{V). Taking limits in shows that V has generalized second fundamental form equal to i?, 
hence we have B = Bf by uniqueness. We conclude 



/ r,of\Af\'dfig = \ j v\B\^dVf 

JT. ^ JG9.(U) 



IG2(U) 

< iliminf/ vlBfJ'dVf, 



< liminf / T]o fk\AfJ'^dfig^. 



'G2{U) 

This proves the local lower semicontinuity of the functional E{f). Finally, assume that f : AI U 
where M C K" is a submanifold. The second fundamental forms in M and in K" differ only by a first 
order term, more precisely 



/ \A\^d^,g^ I / \A'^)^^J\^d^,g. 

JT. Js Jt, 



Here by A^" we mean the second fundamental form in R" , while A now refers to the second fundamental 
form in M. Extending the second fundamental form A^'^ of M C M" to TM^ by zero, we may write 



- L 



ej\^dH^{x) 
T](x)\A^'{x){Pe,,Pe,)\''dVf{x,P). 



G2{U) 

The last expression is continuous under the convergence Vf^ — ^ Vf. Therefore the integral of the 
second fundamental form in M is also lower semicontinuous. 

To prove the lower semicontinuity of the full functional E{f), we cover the image of the limit surface by 
neighborhoods on which we have a local graph description (with pimples for the fk)- Then we choose a 
subordinate partition of unity and apply the above lower semicontinuity statement to each of the graphs. 
Summing up yields the desired result. 

Now by construction and lower semicontinuity it follows that the limit immersion / minimizes E among 
n VF^'^-immersions, in particular it satisfies the Euler-Lagrange equation. 
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To compute the Euler-Lagrange equation, let / e W^'^ n C^'"(J7, R'^), f{x) — {x,u{xj), be a graph 
given in local coordinates in M. The functional E{f) is then given by 



where h — hij is the Riemannian metric on M , and 



5a/3 = {ho f){daf,dpf), 

= ld-g"^{hof){d^f,.)dpf, 
Do^dfif = {0,dlpu) + {Tof){d^f,dpf). 



Here F = F^- are the Christoffel symbols of M . The functional thus has the general form 



E{f) = j (^A''^''^ix,u,Du)dl0ud^^u + B''^{x,u,Du)dlpU + C{x,u,Du)y 



where A, B, C are smooth functions, and specifically for 63 = (0, 1) G R'^ 

We see that a bound for Du implies an ellipticity condition 

1 



It is now straightforward to check that the Euler-Lagrange equation satisfies all the conditions of Lemma 
3.2 in |SiL] . provided that Du is bounded. Hence we get that u belongs locally to W^'^ (1 C^'" for some 
a > 0, and that the integral of D^u satisfies a power decay. As in |SiLj we can refer to |MCB] to 
conclude that u is in fact smooth. Therefore Theorem 1 1.1 1 is proved. 



4 Proof of Theorem 11.21 

The proof of Theorem II. 2[ namely the problem of minimizing the functional 
in the class of immersions 

/ : §2 ^ M, where M is a closed, three-dimensional Riemannian manifold 
with sectional curvature K^^ < 2 and moreover (x) > 6 for some point x G M, is very similar to the 
proof of Theorem 11.11 Here we summarize the different steps of the proof and point out the differences 
to the proof of Thcorcm ll.il 



Again we use the concept of minimizing sequences. Therefore let fk ■ ^ M be a minimizing se- 
quence of immersed closed surfaces for the functional Wi and denote by /ifc the Radon measure on M 
associated to fk- Obviously we have that fik{M) < Wi{fk) < C uniformly in k. Therefore there exists a 
Radon measure /x on M such that, up to subsequences, 

(63) fik ^ fJ- weakly as Radon measures, 
and as before the monotonicity formula Lemma 12.61 vields 

(64) spt fik spt /i in the Hausdorff distance sense. 

Observe that, since R^^ (x) > 6 for some point x e M, it follows similar to Lemma [2731 that 

(65) inf Wi(f)<ATT. 
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Using Lemma [2.71 it follows that Proposition [2?5] also holds for E replaced by Wi, which yields that we 
again have a lower diameter bound, namely 

(66) diamft,(spt /x) > liminf (diam^, spt /^fc) > 0. 

k 

The next Lemma states an important upper bound for the functional E in terms of the functional Wi 
and is a direct consequence of equation ([3]). 

Lemma 4.1. Let M be a compact Riemannian manifold with sectional curvature K'^^ < 2, and let 
f : S'^ ^ M be a smooth immersion. It follows that 

Eif)<2Wi{f)~47T 

It follows that lim supj._j.g^ E{ fk) < 47r. Moreover it follows from this uniform upper bound that we 
can define the bad points with respect to e > as in Definition 13.11 and that also Remark 13.21 Lemma 
13.31 the Graphical Decomposition Lemma 13.41 and the lower density bound in Proposition 13.51 hold in 
exactly the same way. 

Now observe that the proof of the power decay of the L'^-norm of the second fundamental form in Lemma 
13.61 carries over analogously up to equation (1^01) (for the following notation see the proof of Lemma . 
Now, since fk is a minimizing sequence for the functional Wi, we have that 

(67) Wiifk) > Wiifk) - Ek, where et ^ 0. 

Equation ([3]) yields (using that the sectional curvature is bounded by compactness of the manifold M) 

(68) J2 |A|2dH2+c^H2(graph«;i) > / |v4fep d^,. - cMfe(Bl (0) " 

"'graph 11)^ "'-B^j^ (C) 

16 

Using that (graph ■;«[.) < cp^ by the estimates for w^,, it follows from Lemma and Lemma UTf] that 
(1^^ holds in this setting. The rest of the proof is again the same as before. This shows that also Lemma 
ISH holds. 

Now we can construct the limit graph functions as done before after the proof of Lemma 13.61 and 
show in the same way as before that the limit measure fj, is locally (around the good points) given by 
the sum of the 2-dimensional Hausdorff measure restricted to these limit graphs, namely that Lemma 13.71 
holds. Observe that also Proposition 13.81 holds, thus the limit measure is given by C^'" n W^^'^-graphs 
away from the bad points. 

To exclude the bad points, we can do the same as before. Observe that the crucial Lemma 13.121 also 
holds, because by Lemma |4?T] and (|65l) the assumption 

1 1 \Alfdf,l<An~S 

for some S > are satisfied. Thus /i is locally given by C^'" n W^^^^-graphs. 

As before, using [Breu] . it follows that there exists a C^'" D VF^^^-immersion / : ^ M such that 
fi is the Radon measure associated to this immersion /. To conclude that / is actually smooth, observe 
that by construction and lower semicontinuity / satisfies the Euler-Lagrange equation for the functional 
Wi. By equation Q the functionals E and Wi differ only by a topological constant and a multiple of 
, which is a smooth function of it, Dit in graph coordinates. Therefore the conditions of Lemma 3.2 
in [SiLj are again satisfied. Hence we get that u belongs locally to W^''^ D C^'" for some a > 0, and that 
the integral of D^u satisfies a power decay. As in jSiLj we can refer to |MCB] to conclude that u is in 
fact smooth. Therefore also Theorem 11.21 is proved. 
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5 Appendix 



5.1 Some useful Lemmas 

In this subsection we state some useful results we need for proving regularity. Lemma lS.ll is an extension 
result adapted to the cut-and-paste procedure we use and is proved in [Schy| . 

Lemma 5.1. Let L be a 2- dimensional plane in M", xq ^ L and u G C°° (J7, L"*"), where U G L is 
an open neighborhood of L D dBp{xQ). Moreover let \Du\ < c in U. Then there exists a function 
w G G°° {Bp{xo), L-^) with the following properties: 

dw du 

1. ) w^u and = on oBp(xo), 

ov ov 

2. ) -\\w\\l^(Bp(xo)) < c{n) (^^\\u\\l^(^oBp(xo)) + \\^A\L--(dBp(xo))j > 

3. ) \\T)w\\l^(^Bp(x,,)) < c(n)||Dw||i<»(aB^(^„)), 
I wix)f dx< c{n)p j \A{x)\^ dn\ 

where dTL^ is the 1-dimensional Euclidean Hausdorff measure. 

The second lemma is a useful selection principle proved in [ SiLj . 

Lemma 5.2. Let (5 > 0, / C K a bounded interval and Ak C /, fc e N, measurable sets with C^(Ak) > S 
for all k. Then there exists a set A <Z I with C^(A) > S, such that each point x G A lies in Ak for 
infinitely many k. 

The third lemma is a decay result we need to get the power decay for the L^-norm of the second 
fundamental form in Lemma [ 



Lemma 5.3. Let g : (0, b) — > [0, +oo) be a bounded function such that 

b 



g (x) < ig{2x) + Cx" for all x e [0, ^ 

where a > 0, 7 G (0, 1), and C > is a constant. Then there exists a /3 £ (0, 1) and a constant 
C = C (7, a, 6, ||g||i=o(-o {,)) such that 

g{x) < Cx^ for all x € (0, b) . 
The last statement is a generalized Poincare inequality proved in [SiLj . 



Lemma 5.4. Let^i>0,Se (O, f ) and n = Bf\o)\E , where EcR^ is measurable with {pi{E)) < f 
and C^{p2{E)) < 6, where pi is the projection onto the x-axis and p2 is the projection onto the y-axis. 
Then for any f £ C^{Q,) there exists a point {xo,yo) € fl such that 



In 

where C is an absolute constant. 



f \f-fixo,yo)f<Cfi'[ \r> f\' + CS^i sup \f\' 
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5.2 Definitions and properties of generalized (r, A)-immersions 

Here we recall the definitions and properties of generalized (r, A)-immersions f : E>^ ^ M CZ MP appearing 
in [Breuj . 

We call a mapping A : Rp — )■ Rp an Euclidean isometry, if there is a rotation R e SO{p) and a translation 
T G RP, such that A{x) =Rx + T for all x gRp. 

For a given point q G and a given 2-plane E E G{p, 2) let Aq^E : Rp — > Rp be an Euclidean isometry 
which maps the origin to f{q) and the subspace R^ x {0} C Rp onto f{q) + E. 

Let ?7^g C §^ be the g-component of the set (tt o A~^^ o f)~^{Br), where vr : Rp — > R^ is the projection 
on the first two coordinates. 

Definition 5.5. An immersion / : ^ Af C RP is called a generalized {r, X) -immersion, if for each 
point g G §^ there is an E — E{q) G G{p,2), such that o f{Ufg) is the graph of a differentiable 

function u : ^ (R^)-*" with \\ Y) u\\co(Br) ^ 

The set of generalized (r, X) -immersions is denoted by T^[r,X). Moreover let Ty[r,X) he the set of all 
immersions f G J^^(r, A) such that iig{E?) < V, where fig is the induced area measure. 
A continuous function f : E>^ ^ M C RP is called a {r,X)- function, if for each point q G §^ there is an 
E = E{q) G G{p,2), such that A~\, o f{Ufg) is the graph of a Lipschitz function u : Bj. ^ (R^)-*- with 
with Lipschitz constant X. The set of (r, X) -functions is denoted by T^{r, A). 

Now we recall the Compactness Theorem in |Breu| . Theorem 0.5. 

Theorem 5.6. Let A < ^. Then J-y{r,X) is relatively compact in J-^{r,X) in the following sense: Let 
/fe : §^ ^ M C RP be a sequence in J-y(r,X). Then, after passing to a subsequence, there exists a 
function f G J-'^{r,X) and a sequence of diffeomorphisms 0^ : — > such that fk o (jik is uniformly 
Lipschitz bounded and converges uniformly to f . 
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